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NOMENCLATURE 
An = area of nozzle 
Aq = area of orifice 
Ap = area of piston 
Ba = viscous damping coefficient of armature 
Cl = discharge coefficient of orifice 
C2 = discharge coefficient of nozzle 
CL = total leakage coefficient of the pump 
D = volumetric displacement of swashplate control actuator 
dji = diameter of the nozzle 
do = diameter of the orifice 
dp = specific volumetric displacement of the pump 
h — pivot-to-damper distance 
i = current input 
J = polar inertia of armature and flapper about the pivot 
Jsp = inertia of swashplate and pistons 
= torque coefficient of the swashplate due to pressure 
K2 = torque coefficient due to swashplate angular displacement 
= torque coefficient due to swashplate angular velocity 
viii 
Ka = rotational spring rate of the pivot 
Km = magnetic spring constant of the torque motor 
Ki = torque constant of the torque motor 
L = damping length of the damper 
f2 — output pressure of flapper valve 
= pressure differential across the pump 
Ps = supply pressure 
Qs = flow into the load system 
T — pivot-to-nozzle distance 
= the torque developed on the armature due to current input 
V = volume of discharge system of the pump 
VQ = total volume between the flapper valve and piston 
Vi = total entrapped volume of the swashplate control actuator 
= displacement of the flapper 
Xp = displacement of piston 
A'q = equilibrium position of the flapper 
a = swashplate angular displacement 
/3 = bulk modulus of the fluid 
A = perturbation of a variable 
w = angular velocity of pump shaft 
^ = viscosity of oil 
p = density of the fluid 
0 = angular position of the flapper 
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1. INTRODUCTION 
Fluid power can be used to push, pull or regulate any system as well as drive 
almost all the machines of modern industry. It may be said that fluid power is the 
muscle which moves industry. 
In seeking more accurate control, some high technology products, such as mi­
croprocessors, programmable controllers, and computers have been used with fluid 
power systems. Among these products, computer applications have developed more 
rapidly. 
A computer not only can serve as an on-line controller but also serve as an 
off-line simulator. To predict and interpret the experimental or simulated results 
successfully, a mathematical model which represents the behavior of a fluid power 
system being investigated is necessary. 
1.1. Statement of the Problem 
Axial piston pumps are used widely in aircraft, industrial and agricultural 
systems because they are simple, efficient, readily controllable and adaptable to a 
broad range of pressures, speeds, temperatures and fluids. 
As a consequence of their great importance, the control of axial piston pumps 
has been consistently explored by the researchers. The work done by Merritt (1967) 
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investigated a four-way servovalve with equal-area jack control system enabled him 
to formulate a very important foundation in axial piston pump control theories. 
Based on this work, Green and Crossley (1971) examined the stability of three-way 
and four-way control servovalves. Yamaguchi and Ishikawa (1979) analyzed the 
characteristics of two-way servovalve control mechanisms used in both a swashplate 
type piston pump and in a bent-axis type piston pump. Zeiger and Akers (1986a) 
applied optimal control theories to the design of a pressure regulator for an axial 
piston pump. More recently, Akers and Lin (1987, 1988) modeled the performances 
of an axial piston pumps controlled by single-stage and two-stage electrohydraulic 
servovalves. Lin (1987) also compared the characteristics of axial piston pumps 
controlled by single-stage electrohydraulic servovalves and by two-stage electrohy­
draulic servovalves. 
There is one thing in common among these researchers, in that they concen­
trated on the control of axial piston pumps using either one-stage or two-stage spool 
valves. Compared to spool valves, flapper-nozzle valves are relatively loose in tol­
erances; therefore, they are lower in cost and more insensitive to dirt. With these 
advantages, flapper-nozzle valves can be considered as an alternative mechanism in 
controlling axial piston pumps. 
Before putting the combination of an axial piston pump and a flapper-nozzle 
valve into practical applications, a mathematical model of this control system and 
the simulation of developed system model on a computer are required. This research 
will furnish the knowledge about the static and dynamic performances of the control 
system. 
The problem of this study is, then, designed to investigate, develop and simulate 
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the static and dynamic equations for an axial piston pump control using a flapper-
nozzle valve. 
1.2. Purposes of the Study 
The purposes of this study are to develop and simulate the mathematical model 
for an axial piston pump control using a flapper-nozzle valve. More specifically, 
the purposes of the research are to: 
1. Develop the: 
(a) equations for different flow rates and pressures 
(b) equations for a stand alone flapper-nozzle valve 
(c) dynamic equations for the pump control 
(d) equations for the states and the output 
(e) equations for the optimally controlled close-loop system. 
2. Simulate the system equations 
(a) determinate the system parameters 
(b) investigate the responses of the flapper valve as follows: 
i. pressure-time response 
ii. flapper displacement-time response 
(c) examine the open-loop system responses 
(d) evaluate the closed-loop system responses to obtain: 
i. optimal weight functions of each state and input 
il. effects of variation of operational conditions 
iii. pressure-time response 
iv. swashplate angle-time response 
V. swashplate angular velocity-time response 
3. Compare the simulation results to the previous research results to verify the 
model. 
1.3, Assumptions of the Study 
In deriving the equations, certain assumptions was made: 
1. All the state variables are defined as the perturbations in the physical quan­
tities. This assumption allows the use of the linearized relations, and hence 
the application of matrix representation of the model. 
2. Supply pressure of the system will remain constant throughout the whole 
process. 
3. Although the fluid used in the system is considered to be compressible, the 
thermal effect due to the compression is negligible. That is, the viscosity of 
the fluid is constant. 
4. All the physical parts of the system are assumed to be rigid. 
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1.4. Procedure of the Study 
In completing this research, the following procedure has been followed: 
1. Review related documentation from journal articles, books and technical re­
ports. 
2. Write the proposal. 
3. Seek committee approval of the proposal. 
4. Develop the equations of the flapper valve. 
5. Derive the static and dynamic equations of the pump. 
6. Develop the state and output equations of the system. 
7. Develop the equations for the optimal control system. 
8. Calculate the system parameters. 
9. Simulate the dynamic responses of the flapper valve. 
10. Investigate the stability of the open-loop system. 
11. Determine the optimal operation conditions. 
12. Simulate the dynamic responses of an optimal closed-loop system. 
13. Analyze the results. 
14. Compare the results to the results of previous research studies. 
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1.5. Definition of Terms 
The key terms of this study are defined as follows; 
1. Valve - a device which controls fluid flow directions, pressure, or flow rate. 
2. Control characteristic - the reaction of a control unit or a system with time 
when subjected to an input signal. 
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2. REVIEW OF THE LITERATURE 
2.1. Control Systems 
In control engineering, a system is defined as a combination of elements that 
act together to perform a function not possible with any of the individual parts 
(IEEE, 1984). For example, a directional control valve is an element for controlling 
the direction of fluid flow and is not considered to be a system according to the 
above definition. However, when it is connected with other components, such as 
reservoirs, relief valves, pumps and motors, a hydraulic control system as shown in 
Figure 2.1 can be formed. 
To a system, inputs are any causes acting on the system from the world external 
to the boundary of this system. Outputs are the effects due to an input or inputs 
(Palm, 1986). The input of hydraulic system shown in Figure 2.1 may be the 
electrical current input of the hydraulic motor and the output is the displacement 
of the rod of the cylinder. A static system's output can change with time only if 
the input changes and will not change if the input is constant or absent. A dynamic 
system's output can still change even if the input is constant or removed from the 
system (Palm, 1986). 
Control systems can be classified either as open-loop or closed-loop. The In­
stitute of Electrical and Electronics Engineers Standard Dictionary (IEEE, 1984) 
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I J 
Figure 2.1: Example of a hydraulic control system 
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defines the open-loop system as a system in which the output has no efi'ect upon 
the input signal. A closed-loop control system is also defined by the same docu­
mentation as a system in which the output has an effect upon the input quantity in 
such a manner as to maintain the desired output value. From these definitions, one 
can find that the fundamental difference between the open and closed loop systems 
is the presence or absence of feedback action. 
2.2. System Modeling 
In order to deal in a systematic and efficient way with problems involving dy­
namic behavior of a control system, a model which describes the objects or processes 
involved is needed. A model can take several forms. A physical model helps people 
to visualize how the components of the design fit together and can provide insight 
not obtainable from a blueprint. Graphs and plots are another type of model. The 
model which control engineers use most frequently is the mathematical model. 
In deriving a mathematical model for a control system, some basic laws of 
physics, such as Newton's laws or Kirchhoff's laws, can be applied. For more com­
plex systems, Largrange's equation provides a good approach (D'Azzo & Houpis, 
1981). Lagrange's equation is given by 
^ dV 
dt dqn dqn dqn dqn 
where 
T = total kinetic energy of system 
D = dissipation function of system 
V = total potential energy of system 
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Qn = generalized applied force at the coordinate n 
Çn = generalized coordinate 
9n = generalized velocity 
When dealing with a time-dependent system (dynamic system), the mathe­
matical model is a set of finite number of differential equations. Those equations 
may be linear or nonlinear. In some cases, by making appropriate assumptions, 
nonlinear equations can be linearized to save the time and energy in conducting 
system simulations. The general procedure for obtaining a linear approximation 
is to use the expression derived in calculus for approximating the variation Y for a 
function Y — Y(xi,x2,- •. ,Xn) of n independent variables (Raven, 1987). That is 
dV dY dY 
+ ••• + (2.1) 
By using vector-matrix notation, a linear system can be expressed compactly 
in state variable form (also known as state-space representation): 
X = AX + Bu (2.2) 
and 
Y = CX + Du (2.3) 
where 
u = input vector 
X = state vector 
Y = output vector 
A = system matrix 
B = input matrix 
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C, D = output matrix 
In the above expression, the system state concept has been introduced. The 
state of a system is a mathematical structure containing a set of n variables 
®l(0)®2(^)' - •• 
called the state variables, such that the initial values x^[t) of this set and the system 
inputs Uj are sufficient to uniquely describe the system's future response for < > 
(El-Hawary, 1984). 
Another form of mathematical equations for a control system is called the 
reduced form. The equation mx + cx + kx — F is a.n example of this form. Two 
forms are equivalent and can be converted from one form to another. The state 
variable form is more convenient for use with numerical simulation techniques and 
the reduced form is more convenient for finding the response analytically (Palm, 
1986). 
The mathematical relationships of system variables are usually represented by 
block diagrams. These diagrams indicate the actual processes which are taking 
place in a more realistic sense than the abstract mathematical equations do. 
In a block diagram three ingredients, functional block, summing point, and 
take off point, are commonly present (El-Hawary, 1984). A functional block is a 
symbol representing the transfer between input U(s) to an element and the output 
Y(s) of the element. This block contains the transfer function G(s), as shown in 
Figure 2.2. The summing point is a symbol denoted by a circle, the output of 
which is the algebraic sum of the signals entering into it. Figure 2.3 shows the 
relationship E{s) = R{s) — C{s). The takeoff point on a branch in a block diagram 
signifies that the same variable is being utilized elsewhere, as shown in Figure 2.4. 
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U(s) X(s) 
Figure 2.2: Functional block 
Figure 2.3: Summing point 
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C(s) •^C(s) 
C(s) 
Figure 2.4: Takeoff point 
A block diagram for a close-loop system is shown in Figure 2.5. The block 
diagram for state variable form of a system (equations 2.2 and 2.3) is shown in the 
Figure 2.6. 
2.3. Dynamic Responses of a System 
Perhaps the most important question to be answered by a dynamic model 
concerns the stability of the system under study. If system variables can return 
and remain in equilibrium when slightly disturbed, the system is said to be stable. 
Conversely, if system variables continue to recede when lightly disturbed, then, the 
system is unstable. To a system, equilibrium state is the condition of no change in 
the system's variables (Palm, 1986). 
The roots of linear model of a system can be solved to predict the stability of 
the system. A linear model is stable if and only if all of its roots lie in the left-half 
of a complex plane in which the imaginary part of the roots is plotted versus the 
14 
CONTROLLED 
CONTROLLER ' SYSTEM 
INPUT OUTPUT 
FEEDBACK 
ELEMENT 
CONTROLLING SYSTEM CONTROLLED SYSTEM 
Figure 2.5: Block diagram for a close-loop system 
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u 
Figure 2.6: Block diagram for equations 2.2 and 2.3 
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real part of them (Palm, 1986). 
In practice, the required performance characteristics of a control system are 
obtained by applying a unit step inpui to the system and observing its transient 
response. Transient response is the output which starts from the initial state and 
goes the the final state. Another response that need to be considered is the steady-
state response. Steady-state response is the output as time approaches infinity. 
Five quantities of interest about the transient response are: delay time T^, rise 
time tr, peak time tp, maximum overshoot, and settling time is- Delay time is the 
required time for the step response to attain half of it steady-state value. Rise time 
usually is defined as the time required for the response to rise from 10% to 90% of 
its final value. Maximum overshoot is the maximum value of the response. Peak 
time is the time at which maximum overshoot occurs. Settling time is the time 
required for the response to stay within some specified small percentage (usually 
2% or 5%) of the final value. If the final value of the response differs from some 
desired value, a steady-state error exits (El-Hawary, 1984). The transient response 
specifications base on a step input is shown in Fig. 2.7. 
2.4. Axial Piston Pump Control 
The control of axial piston pumps has been consistently explored by the pre­
vious researchers. Several control mechanisms, such as two-way, three-way or 
four-way servovalves, have been incorporated with piston pumps. Meanwhile, dif­
ferent approaches, such as linear models or nonlinear models, were used for modeling 
the control characteristics of axial piston pumps. Furthermore, with the help of 
advanced computer software and hardware, the investigations of optimal control 
17 
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Figure 2.7: Transient response specifications 
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behavior of the pumps are getting more and more attention. 
Merritt (1967) put some fundamental analyses of hydraulic system control to­
gether. He investigated the control behaviors of spool and flapper type valves. 
Among those valves, they are either single-stage or two-stage four-way configu­
rations. He also modeled the dynamic characteristics for actuators, particularly 
motors and pumps. A system which is combined by a two-stage electrohydraulic 
servovalve and an actuator (either a motor or a pump) also was analyzed by Merritt. 
Merritt took the advantage of the nature of hydraulic systems in which most 
variables are the perturbations in the physical quantities and was able to use lin­
earized models to predict the behavior of systems. He also concluded that a per­
turbation of supply pressure has little effect on a four-way valve system, therefore, 
a constant supply pressure is good enough for general analysis. 
Although Merritt did not concentrate on the topic of piston pump control, the 
generic nature of his work can be readily to be carried over in dealing with this 
area of fluid power controls. Based on Merritt's work. Green and Crossley (1971) 
added the consideration of the possibility that the load on a valve jack as a function 
of supply pressure, and investigated control characteristics of different positional 
servo mechanisms in controlling the variable-delivery piston pump. In that paper, 
the frequency response of the actuator consists of a three-way and a differential-
area jack which was compared to the same system with a four-way valve and an 
equal-area jack. 
As expected, a significant difference was observed by the authors. Although 
both systems showed a high degree of stability even when the damping ratio of 
the relief valve is small, the three-way servovalve was less stable and was always 
effected by fluctuations in the supply pressure, whereas the four-way system was 
only effected when the load is pressure-sensitive. Three-way systems were also 
found to be slower in response when subjected to a small stall load. To have a 
stable three-way system, the authors suggested that the relief valve damping ratio 
should be greater than 0.3. 
Yamaguchi and Ishikawa (1979) modelled two different displacement control 
mechanisms for axial piston pumps. They used a two-port valve for a swashplate 
pump and a three port valve for a bent-axis pump. Equations for moment acting 
around the swashplate in an axial piston pump and around the swivel yoke in a 
bent-axis pump were developed. In addition, equation of motions for swashplate 
and swivel yoke were derived. The simulation results and experimental results for 
both types of control mechanisms were compared. 
The approach proposed by Green and Crossley as well as the one by Yamaguchi 
and Ishikawa had one thing in common. These approaches adopted a simple form 
of equation of motions for swashplates and did not take into account the effect of 
different geometrical design features or the variations in the operating conditions. 
To overcome this deficit, Zeiger and Akers (1985) derived the equation for torque 
on the swashplate by considering the effect of pump geometry and variation of 
operating conditions. A linearized torque equation which is a function of pressure 
difference into the piston chamber, angular position of swashplate, angular velocity 
of swashplate, and angular velocity of pump shaft, was formed. Based on this result, 
they derived a mathematical model for pump control using a single stage four-way 
spool valve (Zeiger & Akers, 1986b). Because of their ability in identifying that the 
straight linear optimal control formulation is not the most suitable design method 
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for cases in which disturbances are presented, they proposed a different formulation 
to the same problem. They added the integral of system output as an additional 
state to form a augmented optional control design (Zeiger & Akers, 1986a). 
Akers and Lin (1987) modeled another control mechanism of pump control. 
A single-stage electrohydraulic servovalve was identified as the control mechanism. 
Linearized state-variable equations were simulated to investigate the optimal control 
behavior of the pump system. They also investigated dynamic characteristics 
of a stand alone flapper-nozzle component of an electrohydraulic servovalve (Lin 
& Akers, in press). Extending from this work, the optimal control theory was 
applied to the control of an axial piston pump by using a two-stage electrohydraulic 
servovalve by the same researchers (Akers & Lin, 1988). Finally, a comparison 
between control characteristics of axial piston pumps using single-stage and two-
stage electrohydraulic servovalves were made by Lin (1987). He concluded that the 
control system is more responsive and stable by using a single-stage servovalve as 
the control mechanism than it is when a two-stage servovalve is used. 
2.5. Summary of the Review 
In summarizing the review, few key points can be stated: 
1. A control system can be represented by physical models, mathematical mod­
els, plots, graphs or block diagrams. Among them, mathematical models are 
the most powerful tool. 
2. A mathematical model can be formulated either in reduced form or state 
variable form. Both forms are equivalent and can be converted from one 
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form to another. For the purpose of computer simulation and determination 
of optimal properties, a state variable form is favored. 
3. Although several mechanisms for axial piston pump control have been modeled 
by different researchers, their investigations are confined in using either a 
single-stage or a two-stage spool valve as a controller. 
4. Using flapper-nozzle valves as a mechanism in controlling axial piston pumps 
has not been explored. Therefore, research in this particular area should be 
conducted. 
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3. GOVERNING EQUATIONS 
3.1. Flow Rates and Pressures 
A simplified scheme of a stand alone flapper-nozzle valve has been shown Figure 
3.1. In developing governing equations, the system was assumed to be subjected 
to a positive current input, that is, > ig. This input created an unbalance in the 
hydraulic circuit. The flapper deflected to the left with a displacement of XAs 
a result, the output pressures of the valve, Pi and Pg) were built up. Flows also 
were generated. 
The flows out of the pilot stage were 
Q = Qi-Q2  =  C i A o^L{ 2 / p ) { P s - P i )  -  C 2 - K d n { X Q  -  X f ) ^ { 2 / p ) P i  (3.1) 
and 
Q = Q^-QA = CiAosJ{2/p)iPs - P2) - C27rdn{XQ + Ay)^(2/p)P2 (3.2) 
These two equation can be combined together and linearized to obtain the linear 
expression of output flow of the flapper-nozzle valve. That is (Lin & Akers, in press) 
A Q  =  K q A X f  -  K c A P l  (3.3) 
where 
APj^ = AP^ — AP2 
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Figure 3.1: Flapper-nozzle valve with load piston 
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Kq = Kn\l^ 
2 4 
K j i  = C27rrfn(-) 
1, ' 
21 
-f^'m — Ao(-) 
If the output ports are blocked, then (5 = 0. This can be reduced to = Q2 
and Qg = Q^. That is 
CiAo'J{2/p){Ps-Pi) = C2-Kdn{Xo - Xf)^{2/p)P-^ (3.4) 
Squaring both sides and rearranging the equation gives 
Ps 
I  +  [ C f i i X o  -  X f ) ]  
where 
Similarly, P2 can be expressed as: 
•^ 1 ~ M2 (3-5) 
1 + ICO(.YO+A'/)|2 
For = 0 (at null), Pi and P2 are equal to the resulting ambient pressure 
PQ at both output ports of the pilot stage: 
= 1 + (CoA'o)^ 
25 
3.2. Equations for the Flapper-nozzle Valve 
The torque induced by the differential current input Az in the torque motor is 
(Merritt, 1967): 
Tj = Kthi + KmO (3.9) 
Also, 
=  J 6  +  B a d  + K a O  + — J^)r -f- F j h  (3.10) 
In the equation (3.10), the term (F^ — f^) represents the force differential across 
the flapper and is equal to (Pjy — P2j)An- Here, P-^y and P2/ ^^e the pressures 
exerted on both sides of the flapper. Using Bernoulli's Equation, &nd P2y can 
be determined. 
^ I f  = ^1 + \ p ' ^ l  (3-11) 
where ui is the fluid velocity at the plane of the nozzle diameter and is given by 
the equation: 
Q 2  C 2 n d r , ( X f j  -  X f ) ^ { 2 P i / p )  
' ' = 3 ;  =  
which can be simplified as: 
4C2(%0 - X f ) ^ { 2 P i / p )  
Substituting into Eq. (3-11) gives 
ui = (3.13) 
"n 
1 6 C ^ { X q -  X f ) " ^  
f l f  =  f i l l  +  ^ "2 —I (3.14) 
Linearizing y yields 
APiy = APi(l + 16C|XO/4) - ^2C^PQXQAXf!di (3.15) 
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Similarly, 
Afgy = Af2(l + + 32C^fo%oAA:y/4 (3.16) 
Therefore, 
Fi- F2 = ( APJy - AP2/)-'4n (3.17) 
Substituting equations (3.15) and (3.16) into the above equation gives 
FI-F2 = (An + 47rC|.Yg)(APi - AP2) + IGttC^PQXQAXf (3.18) 
In the above equation, the term of is small enough to be neglected com­
pared to the term of An- Also, \&i K^ — IGttC^PqXq, then, equation (3.18) can 
be rewritten as; 
F^ — F2 = An^Pi, + K^AX y (3.19) 
The other unknown term in equation (3.10) is Fj^. This term is the squeeze 
film damper term and was derived by Lin and Akers (in press): 
f i L { R / c f X f  
a { l  -  \ X f \ / c )  
Linearizing the above equation, one derives 
(3.20) 
AFj = K^Axf (3.21) 
where 
= (3.22) 
a  =  0 . 6 { 2 R / L )  - 0.4 (3.23) 
6 = 1.5 + 0 . 3 ^ 2 R / L  (3.24) 
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By substituting (3.9), (3.19), (3.21) into (3.10) and replacing 6 by %y/r, the dy­
namic equation for the flapper valve can be obtained. That is 
J y + (5a + K j  + ( ^ K a  ~  K m  ~  K y ) r ^ j  
- vKiù^i - r'^An{APi) (3.25) 
To investigate the dynamics responses of a stand alone flapper valve, a load 
piston was attached to the valve (see Figure 3.1). Considering the effects of piston 
motion, fluid compressibility, and leakage yields 
A Q  -  KlAPl =  A p A X p  + (3.26) 
for the left chamber. Similarly, for the right chamber, 
- Z\(3 == 4- (3.27) 
Combine these two equations to obtain the relation of AQ: 
A Q  =  +  A f A X p  +  
Substitute equation (3.3) into above equation and rearrange the equation gives 
^ Pl =  -  { K i  +  K c) APl -  A p A X p ]  (3.28) 
3.3. Dynamic Equation for Pump Control 
The relation between and the other parameters of the axial piston pump is 
(Merritt, 1967); 
A P f i  =  — ^ { C j ^ A P ^  —  d p i o A a  +  A Q s )  (3.29) 
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The equation of motion of the swashplate describes the torque balance of the 
pump. That is 
Applying the relation of A Q  in equation (3.3) to the flow continuity into the 
The scheme of the combination of an axial pump and a flapper-nozzle valve is 
shown in Figure 3.2. 
3.4. State and Output Equations 
To get the state and output equations, the following states and inputs have 
been selected: 
states: 
JspAa = APj^D — K ^ A P ^  — K 2 A a  —  K ^ A à  (3.30) 
swashplate actuator chamber yields the relation for Pj^ as follows (Merritt, 1967): 
JCl = ZljP; 
inputs: 
u j  =  A i  
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U 2  =  AQs 
where states and inputs are the perturbations in the physical quantities. 
From the assigned state variables, one can obtain the following relations: 
X2 = -^3 (3.32) 
X5 = Xq (3.33) 
These two equations were combined with equations (3.25), (3.29), (3.30), and (3.31) 
to form the state-variable equations 
X = AX-t-Bu (3.34) 
and the output equation 
Y = CX (3.35) 
where 
j S d p U }  
- f - 0 0 0 0 
0 0 1 0 0 0 
A = J s P  
0 
J s P  
0 
J s P  
4 / 3 D  
' V t  
D  
7 ^  
h  
0 
V t  
0 
0 
0 0 0 0 0 1 
0 0 0 
{ K m — J ^ a + K  y)r^ B a + K ^ h r  
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B = 
0 
0 
0 
0 
0 
0 
0 
0 
0 
and 
C = [1 0 0 0 0 0] 
That is, in this pump system, there is only one output variable, AP^. 
3.5. Equation for Optimal Control 
To optimally control a system represented by the the state equations 
X = AX + Bu 
is to minimize the performance index PI. The performance index has the form 
(Gopal, 1984): 
PI = [X^QX + u'^Ru](f< (3.36) 
where Q and R are positive definite constant matrices. 
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The optimal control feedback law which minimizes the performance index may 
be specified as 
u* = KX (3.37) 
where K is the feedback coefficient matrix and is obtained by 
K = -R-^B^P (3.38) 
where P is the symmetric, positive definite solution of the steady-state Riccati 
equation (Gopal, 1984): 
A^P + PA - PBR-^B^P + Q 0 (3.39) 
The optimally controlled closed-loop system, then, can be obtained as 
X = (A + BK)X 
and 
Y = CX 
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4. FINDINGS AND DISCUSSIONS 
In this chapter, the simulated results of a stand alone flapper-nozzle valve and 
the control of an axial piston pump using a flapper-nozzle valve are presented. To 
simulate the responses of the system investigated here, numerical values of the pa­
rameters defining the pump and flapper valve systems were inserted to the different 
equations. These values also are listed in Appendix A. 
4.1. Responses of Flapper-nozzle valve 
The flapper-nozzle valve can be a stand alone controller or serve as the first 
stage of a two-stage servovalvs. The main function of a flapper-nozzle valve is 
to generate the pressure diff'erential across the output ports in order to control 
an actuator or the second stage of a servovalve. The output pressure differential 
as a function of input current differential of a flapper-nozzle valve is presented in 
Figure 4.1. The calculated theoretical data were also compared to the experimental 
data. It can be seen that the difference between theoretical and experimental data 
(Sundstrand-Sauer Mobile Controls, 1983) is within 2% for input current values less 
than 150 mA and less than 10% from 150 to 175 mA of input current. Although 
the data presented here are for a specific configuration, the well matched results 
between theory and experiment do demonstrate that the model is good enough to 
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be generalized to other configurations. 
Figure 4.1 reveals that the output pressure is proportional to the input current. 
Same relationship also exists between the flapper displacement and input current. 
The experimental data line starts to deflect from the straight line when input current 
reaches 160 mA. Fortunately, input current for a flapper valve is well below 150 ma; 
therefore, a linear model is good enough for predicting the behavior of flapper-valves 
in the practical sense. 
Output pressure-time response and displacement-time response of a flapper-
nozzle valve were presented in Figures 4.2 and 4.3. The steady-state values of 
output pressure differential and flapper displacement are 115 psi and 0.00414 inches 
respectively for the valve subject to a 100 mA input current. The response of the 
valve is very fast. Settling time for both pressure and displacement is less than 0.01 
seconds. The 10% to 90% rise time for both is about 0.002 seconds. Overshoot is 
not observed for both pressure and displacement. 
The reason for the fast response and no overshoot behavior of the flapper nozzle 
is due to the design of a squeeze film damper. The gap of the damper is very narrow 
(c=0.003 inches), thus it can produce a very large resistance when the flapper is 
deflected from its equilibrium position and settle the flapper down in a brief period. 
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Figure 4.1: Variation of pressure differential of the flapper-nozzle valve (out­
put ports blocked) 
36 
.02 .03 
TIME (seconds) 
Figure 4.2: Output pressure-time response for a flapper-nozzle valve subject 
to a 100 mA input current 
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Figure 4.3: Flapper displacement-time response for a flapper-nozzle valve 
subject to a 100 m A input current 
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4.2. Open-loop of Flapper-nozzle Valve and Axial Piston Pump 
Combination System 
The numerical value of state matrix A and input matrix B are: 
-6.561 1.078(10)6 0 0 0 0 
0 0 1 0 0 0 
-0.996 -1086 -361.1 31.61 0 0 
0 0 -7.975(10)^ -491.5 2.184(10)^ 0 
0 0 0 0 0 1 
0 0 0 -208.2 9057 -6189 
0 -2377 
0 0 
0 0 B = 
0 0 
0 0 
2.386(10)^ 0 
Computation of the eigenvalues of the A matrix yields the characteristic system 
poles as follows: 
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-389 + j5060 
-389 - j5060 
-7.96 
-6880 
-6.56 
+1.00 
The last pole is located in the right half of the complex plane; therefore, the 
performance in the open-loop system of a flapper-nozzle valve and an axial piston 
pump combination is unstable. 
4.3. Response of Linear Optimal Control System 
To stabilize the control system, a means of feedback has to be introduced into 
the system. Zeiger and Akers (1986a) observed that the straight linear optimal 
control design is not the most suitable design for the pump control because of its 
inability in offsetting the disturbance; therefore, adequate pressure stiffness is not 
provided. 
The response of the linear optimal control system was simulated with the se­
lected weight coefficient matrix Q and scalar R; 
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10-3 0 0 0 0 0 
0 1 0 0 0 0 
0 0 0.1 0 0 0 
0 0 0 10-3 0 0 
0 0 0 0 10^ 0 
0 0 0 0 0 IQ-S 
and 
R=1 
The values of diagonal matrix Q and scalar R were selected by using a progres­
sive procedure. In selecting value of R, the elements of matrix Q were arbitrarily 
assigned to be unity, and the value of R was varied. A computer program (see 
Appendix B) was used to read in the matrices A, B and Q as well as scalar R then 
solve the Riccati equation, compute the feedback gain coefficients, determine the 
value of performance index, and calculate the eigenvalues. The optimal quantity 
of R was obtained on the basis of root loci and performance index criteria. The 
selected value of R and arbitrarily assigned value of unity for Q2 to çq were used to 
obtain the optimal value for The above procedure was iterated to determine 
the values of the remaining elements of Q matrix. 
The simulated result of a linear optimal pump control system in this study 
confirmed Zeiger and Akers' observation. The result is presented in Figure 4.4. It 
can be seen that the pressure differential across the pump is stable but not zero. 
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Figure 4.4: Pressure-time response of a optimal closed-loop pump system 
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4.4. Augmented Optimal Control Systems 
To improve the system control, Zeiger and Akers (1986a) proposed an aug­
mented optimal control design for the pump control problems. In this design, the 
integral of the output pressure differential across the pump is defined as another 
state. A block diagram of augmented optimal control system is presented in Figure 
4.5. 
The same procedure was employed again to select the values of matrix Q and 
scalar R for the augmented optimal control system. The diagonal elements of Q 
vyas risen to seven because the augmentation variable. Selected values are: 
10"? 0 0 0 0 0 0 
0 10^ 0 0 0 0 0 
0 0 IQ-l 0 0 0 0 
0 0 10-3 0 0 0 
0 0 0 0 10^ 0 0 
0 0 0 0 0 10-6 0 
0 0 0 0 0 0 1 
and 
R=1 
4.5. Time Responses 
Time responses of pressure differential swashplate angle Aa, and angular 
velocity of swachplate Aà for an augmented optimal pump control using a flapper-
nozzle valve were investigated based on the selected values of Q and R. Effects due 
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Figure 4.5: Augmented optimal control system 
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to the variation of important system parameters also were evaluated. The results 
are presented in Figure 4.6 to Figure 4.16. 
The system input current differential had negligible effects on the system re­
sponses. Increasing the current from 1 mA to 100 mA only increased 2% of over­
shoot of each response. The peak time and settling time were identical for different 
current input. 
The discharge flow of the pump, Qs, was chosen as another input, since it may 
be regarded as a disturbance. Qs was a dominant factor which affected the system 
performances most. When the flow rate was doubled, the overshoot of each variable 
also was doubled. 
The increase of pump discharge volume tended to slow down the system re­
sponses. Overshoot values of pressure differential and angular velocity of swashplate 
were decreased when increasing the discharge volume. 
Another operation condition in which the researcher is interested was the ro­
tational speed of the pump shaft, w. A decrease in rotational speed of the pump 
shaft produces a higher overshoot and slows down the system responses. 
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Figure 4.6: Pressure-time response of different input current {Qa = 6.1in' s. 
V = 61in', w = 210ra<i/a) 
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Figure 4.7: S was h pi ate angle-time response of different input current (Ç, = 
6.lin^/s, V — 61in^, w = 210radAs) 
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Figure 4.8: Pressure-time response of different discharge flow rate (Ai = 
ImA, V ~ 61in^,  w = l lOrad/s)  
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Figure 4.9: Swashplate angle-time response of different discharge flow rate 
(Ai = lm.4,  V = Qlin^,  w = 210rad/s)  
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Figure 4.10: Swashplate angular velocity-time response of different discharge 
flow rate (Ai = imA, V = w = 210rad/a) 
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Figure 4.12: Swashplate angle-time response of different discharge volume 
{Q, = Q.lin^la, Ai = 1mA, w = 210rod/a) 
52 
V = 61 in^  
-1.2 • 
-1.6 
TIME (seconds) 
Figure 4.13: Swashplate angular velocity-time response of different discharge 
volume (Qj = 6.1in^/s ,  Ai  = 1771.4,  u;  = 210rad/s)  
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Figure 4.14: Pressure-time response of different pump shaft speed (Qj = 
6.1in^/s ,  Ai  = ImA, V = 61in^)  
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Figure 4.15: Swashplate angle-time response of different pump shaft speed 
(Qj = 6.1in^/s, Az = lm.4, F = 61zn^) 
55 
w = 210 rad/sec 
w = 126 rad/sec 
0 .02 .04 .06 .08 .10 .12 
TIME (seconds) 
Figure 4.16: Swashplate angular velocity-time response of different pump 
shaft  speed (Q,  = 6.1in^/s ,  Ai = 1mA, V = Qlin^)  
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5. SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS 
This chapter summarizes the results of previous chapters and draws the con­
clusions from the research findings. Several recommendations for further studies 
also are proposed. 
5.1. Summary of the Research 
This research was aimed to develop and simulate the mathematical model for 
the control of an axial piston pump using a flapper-nozzle valve. It was assumed 
that all the state variables are defined as the perturbations in the physical quantities; 
therefore, linearized relations were used. These linearized relations were combined 
to form the state-variable representation of the model. 
The model was then simulated to investigate the control characteristics of the 
proposed system. The responses of a stand alone flapper-nozzle valve were evalu­
ated first. An excellent agreement between the experimental data and theoretical 
data of output pressure rise of the valve was found. 
The open-loop system of the axial piston pump and flapper-nozzle valve com­
bination was found to be unstable. To enhance the stability of the system, an 
optimal control design was applied. It was found that the computed results of the 
nonaugmented optimal design lack robustness for improving the existing control 
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system. Thus the augmented optimal control method was applied to enhance the 
system performances. 
Time responses of the augmented optimal control system were evaluated. It 
was observed that the increase of input current had little effect on the responses. 
Doubling the discharge flow rate also doubled the overshoot. Increasing the dis­
charge volume tended to slow down the system responses. Finally, the increase 
of the rational speed of the pump shaft produced a higher overshoot and a slower 
response of the system. 
5.2. Conclusions 
5.2.1. Stand alone flapper-nozzle valve 
Usually, a flapper-nozzle valve is operating around the null point. The varia­
tions of flapper displacement and flapper velocity are very small; therefore, the lin­
ear model was proposed by several researchers, such as Merritt (1967) and Stringer 
(1975). In this study, linearized relations were used to model the motion of the 
armature, to describe the effect of the squeeze film damper, and to express the 
behavior of the flapper. Excellent agreement between calculated data and exper­
imental data was found; thus, it was demonstrated again that a linear model is 
good enough for predicting the performance of flapper-nozzle valves in practical 
applications. 
Due to small amount of flow pass through the ports of flapper-nozzle valve and 
a thin oil film in the damper, the flapper-nozzle valve was found to be very respon­
sive. For instance, the output pressure differential had a rise time of approximately 
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0.002 seconds and was settled down within 0.01 seconds. Flapper displacement, as 
another example, also was settled down within 0.01 seconds. 
5.2.2. Combination of flapper-nozzle valve and axial piston pump 
The linear model of the flapper-nozzle valve was used for controlling an axial 
piston pump using a flapper-nozzle valve. As expected, the performance in an 
open-loop system of this combination was unstable. To stabilize the system, a 
closed-loop design was applied. 
The optimal control design was selected as the controller for this problem. The 
straight linear optimal control formulation, in which different weights of all state 
variables were selected as the feedback, was found not to be able to provide an 
adequate pressure stiffness to discharge flow disturbance. 
To improve the system performance, an augmented optimal control method 
was proposed. In this design, a different weight of each state variable as well as 
integral of system output, pressure differential across the pump, were used as the 
feedback. The responses of augmented optimal control design showed promising 
results for the system investigated here. 
5.2.3. Comparison of different research results 
To avoid cavitation occurring in pump operation, overshoot of pressure-time 
response should be evaluated. A faster response tends to produce larger overshoot. 
Therefore, any control design should compromise between these two specifications. 
Lin (1987) investigated the control of axial piston pumps using single-stage 
and two-stage electrohydraulic servovalves. Zeiger and Akers (1986b) simulated 
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Table 5.1: Comparison between different research results of pressure-time 
response of axial piston pump control systems 
Control Mechanism Maximum Overshoot SettHng Time 
Flapper-nozzle valve 1 1 
Single-stage servovalve 60 0.3 
Two-stage Servovalve 5 1 
Four-way hydraulic valve 0.2 1,5 
the control of an axial piston pump using a four-way spool valve. Table 5.1 shows 
a comparison of the results. Numbers in Table 5.1 are the ratios of the performances 
of different control mechanisms to the performances of the flapper-nozzle valve. It 
can be seen that the flapper-nozzle valve and the axial piston pump combination is 
well balanced between pressure overshoot and settling time, 
5.3. Recommendations for Further Studies 
According to the research findings and results, the following recommendations 
for further studies are proposed: 
1. A nonlinear model for axial piston pump control has not been developed; 
therefore, a specific research using a nonlinear technique is suggested. 
2. A control mechanism may be pressure control or flow control in nature. Using 
flow control components, such flow control hydraulic valves or flow control 
servovalves, to control axial piston pumps has not been done in public domain; 
thus, research in this area is proposed. 
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3. An experiment to investigate the control behaviors of the combination of 
flapper-nozzle and axial piston pump can be done to furnish more insights 
about this type of a system. 
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8. APPENDIX A: NUMERICAL DATA 
Ba = viscous damping coefficient of armature = 7.06(10)~~^/6 — in — s/rad 
Ci = discharge coefficient of orifice = 0.67 
Cg = discharge coefficient of nozzle = 0.60 
Cj^  = total leakage coefficient of the pump = 2.76(10)^ (zn^ /s)/p5z 
D = volumetric displacement of swashplate control actuator = lOin^/rad 
dfi = diameter of the nozzle = 0.14427% 
do = diameter of the orifice = 0.028m 
dp = specific volumetric displacement of the pump = /rad^ 
h = pivot-to-damper distance = 0.9in 
J = polar inertia of armature and flapper about the pivot = 0.000044/6 —in — 
Jsp = inertia of swashplate and pistons — 0.319/6 — in — 
Ki = 0.317/6 — injpsi 
K2 = 346/6 — in/psi 
= 115/6 — in/(rad/s) 
Km ~ Ka = 0 
Kf = torque constant of the torque motor = 14.58/6 — in jAmp 
L = damping length of the damper = 0.25m 
Ps = supply pressure = 200psi 
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2R = Outer diameter of damper = O.STSin 
r = pivot-to-nozzle distance = 0.72m 
Fg = total volume between the flapper valve and piston = QAirfi 
Vf — 7.323in^ 
= equilibrium position of the flapper = 0.003m 
/3 = bulk modulus of the fluid = 1.45(10)^psi 
p = density of the fluid = 7.95(10)~^/6 - a^/m^ 
fi = viscosity of oil = 3.56(10)~®psi — s 
6 = angular position of the flapper 
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9. APPENDIX B: COMPUTER PROGRAM 
C ****** RICCATI ****** LINEAR OPTIMAL CONTROL COMPUTATION 
C DIMENSION AND INITIALS 
REAL*8 H(12,12),A(6,6),R1(6,6),TA2C6,6) 
REAL*8 P(6,6),D(6,6),B2(6,6) 
REAL*8 B(6,1),F(1,6),EIGVAL(2,6),XC6.1) 
REAL*8 Y(1,6),PI(1,1),A0L(6,6) 
REAL*8 ACL(6,6),Q(6,1),WKAREA(6) 
REAL*8 Z,RZ 
NST=6 
NST2=2*NST 
NCTR=1 
NSTCTR=NST*NCTR 
C READ A MATRIX 
CALL MATR(A,NST,NST) 
CALL MATEQCA.AOL.NST.NST) 
C PRINT A MATRIX 
CALL MATP(A.NST,NST,' A ') 
C READ INITIAL CONDITIONS VECTOR 
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CALL MATRCX,MST,1) 
G PRINT INITIAL CONDITIONS 
CALL MATP(X,NST,1,' I.C. ') 
CALL MATR(B,NST,NCTR) 
CALL MATP(B,MST,NCTR,' B ') 
CALL MATR(R1,NST,NST) 
CALL MATPCRI,NST,NST,' R2 ') 
READ (5,1) Z 
1 FORMAT(DIO.3; 
WRITE (6,2) Z 
2 F0RMAT(//,5X,'THE Z FACTOR = ',E10.3,///) 
CALL MATR(Q,NST,NCTR) 
CALL MATP(Q,NST,NCTR,'q.DIST') 
RZ=1.0D0/Z 
C COMPUTE THE FACTOR D BY: 
C D=B*RZ*B**T 
CALL TRNSPZ(B,D,NST,NCTR) 
CALL MATMUL(B,D,B2,NST,NCTR,NST) 
CALL SCAMAT(RZ.B2,D,NST,NST) 
C SOLVE FOR THE -P- MATRIX BY RICCATI EQUATION 
CALL RICCAT(A,D,R1,NST,NST2,P,ITER,H) 
WRITE (6,3) ITER 
3 FORMAT(5X,'NUMBER OF ITERATIONS IN RICCATI SOLVER = ',13) 
c COMPUTE THE FEEDBACK GAINS VECTOR -F- BY 
C F=RZ*B**T*P 
CALL TRNSPZ(B,D,NST,NCTR) 
CALL SCAMAT(RZ,D,TA2,WCTR,MST) 
CALL MATMULCTA2,P,F,MCTR,NST,NST) 
CALL MATPCF,NCTR,NST,'OPCONV') 
C COMPUTE THE PERFORMANCE INDEX VALUE -PI- BY 
C PI=X(0)**T*P*X(0) 
CALL TRNSPZ(X,Y,NST,1) 
CALL MATMUL(Y,P,D,1,MST,NST) 
CALL MATMUL(D,X,PI,1,NST,1) 
WRITE (6,7) PI 
7 F0RMAT(///,5X,'PERFORMANCE INDEX VALUE = ',E10.3) 
C GENERATE THE CLOSED LOOP -A- MATRIX 
C A CL=A-B*F 
CALL MATMUL(B,F,D,NST,NCTR,NST) 
CALL MATSUB(A0L,D,TA2,NST,NST) 
CALL MATP(TA2,NST,NST,'CLAMAT') 
CALL MATEQ(TA2,ACL,NST,NST) 
C COMPUTE THE EIGEN VALUES OF THE CLOSED LOOP MATRIX 
CALL EIGRF(TA2,NST,NST,0.EIGVAL,H,1,D,1ER) 
DO 100 J=1,NST 
0MGA=(EIGVAL(1,J)**2+EIGVAL(2,J)**2)**0.5 
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ZETA=EIGVAL(1,J)/OMGA 
WRITE (6,200) J,EIGVALCl,J),EIGVAL(2,J),0MGA,ZETA 
100 CONTINUE 
200 F0RMAT(//,5X,'RD0T NO ',11,/,7X,'REAL PART = ',E10.3,3X, 
I'IMAGINATY PART = ',ElO.3,/,7X,'FREQUENCY = ',E10.3,3X, 
2'DAMPING RATIO = ',E10.3) 
CALL LEQTIF(ACL,1,NST,NST,Q,0,WKAREA,1ER) 
CALL MATP(q,NST,NCTR,'STIFNS') 
WRITE(6,8) 1ER 
8 F0RMAT(///,5X,'STIFNS 1ER =',13) 
STOP 
END 
c 
C SUBROUTINES FOR MANIPOLATIGNS OF MATRICES AND VECTORS.. 
C DOUBLE PRECISION DATA. 
C 
C 
C CALL MATI (A,N) 
C A(N,N) = I(N,N) 
C 
SUBROUTINE MATI (A,N) 
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IMPLICIT REAL*8 (A-H,0-Z) 
DIMENSION A(N,N) 
DO 2 1=1,N 
DO 1 J=1,N 
A(I,J) = .0 D GO 
Ad.I) = .1 D 01 
RETURN 
END 
CALL MATMUL (A,U,T,M,N,L) 
T(M,L) = A(M,N) * U(N,L) 
SUBROUTINE MATMUL (A,U,T,M,N,L) 
IMPLICIT REAL*8 (A-H,0-Z) 
INTEGER M.N.L 
DIMENSION A(M,N),U(N,L),T(M,L) 
DO 2 1=1,M 
DO 2 J=1,L 
T(I.J) = .0 D 00 
DO 2 K=1,N 
T(I,J) = A(I,K)*U(K,J) + T(I,J) 
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RETURN 
END 
C 
C CALL MATADD (A,B,C,M,N) 
G C(M,N) = A(M,N) + B(M,N) 
C 
SUBROUTINE MATADD (A,B,C,M,N) 
IMPLICIT REAL*8 (A-H,0-Z) 
DIMENSION A(M,N),B(M,N),C(M,N) 
DO 3 1=1,M 
DO 3 J=1,N 
3 C(I,J) = A(I,J) + B(I,J) 
RETURN 
END 
C 
C CALL MATSUB (A,B,C,M,N) 
C C(M,N) = A(M,N) - B(M,N) 
C 
SUBROUTINE MATSUB (A,B,C,M,N) 
IMPLICIT REAL*8 (A-H,0-Z) 
DIMENSION A(M,N),B(M,N),C(M,N) 
DO 4 1=1,M 
DO 4 J=1,N 
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4 C(I,J) = A(I,J) - B(I,J) 
RETURN 
END 
C 
C 
C CALL SCAMAT (S,A,B,M,N) 
C B(M,N) = S * A(M,N) 
C 
SUBROUTINE SCAMAT (S,A,B,M,N) 
IMPLICIT REAL*8 (A-H.O-Z) 
DIMENSION A(M,N),B(M,N) 
DO 8 1=1,M 
DO 8 J=1,N 
8 B(I,J) = S * A(I,J) 
RETURN 
END 
C 
C 
C CALL MATEQ (A,B.M.N) 
C B(M.N) = A(M,N) 
C 
SUBROUTINE MATEQ (A,B,M,N) 
IMPLICIT REAL*8 (A-H,0-Z) 
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DIMENSION A(M,N),B(M,N) 
DO 11 1=1,M 
DO 11 J=1,N 
11 B(I,J) = A(I.J) 
RETURN 
END 
C 
C TRACE, TR, OF MATRIX A(N,N) 
C 
FUNCTION TR(A,N) 
IMPLICIT REAL*8(A-H,Q-Z) 
DIMENSION A(N,N) 
TR = O.ODO 
DO 10 1=1,N 
10 TR = TR + A(I,I) 
RETURN 
END 
C 
C 
C CALL TRNSPZ (A,V,M,N) 
C V(N,M) = A(M,H) TRANSPOSED... 
C 
SUBROUTINE TRNSPZ (A,V,M,N) 
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IMPLICIT REAL*8 (A-H,0-Z) 
DIMENSION A(M,N),V(N,M) 
DO 14 1=1,M 
DO 14 J=1,N 
14 V(J,I) = A(I,J) 
RETURN 
END 
C 
c ############################################################### 
c ############################################################### 
c ############################################################### 
SUBROUTINE MATR(A,N,M) 
G 
C — THIS SUBROUTINE READS IN A MATRIX FROM AN INPUT FILE. 
C — THE MATRIX IS READ IN BY ROWS BY AN UNFORMATTED READ 
C — STATEMENT. 
C 
IMPLICIT REAL*8 (A-H,0-Z) 
DIMENSION A(N,M) 
DO 10 1=1,N 
READ, ( A(I,J), J=1,M) 
10 CONTINUE 
RETURN 
END 
C 
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
c 
G * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
C 
SUBROUTINE MATP(A,N,M,MNAME) 
C 
C — THIS SUBROUTINE PRINTS OUT MATRIX 'MNAME' WHICH IS NXM TO 
C UNIT 006. 'MNAME' IS A 6 CHARACTER WORD. M <= 12 ONLY. 
C 
IMPLICIT REAL*8 (A-H,0-Z) 
DIMENSION A(N,M) 
CHARACTER*6 MNAME 
IF (M .GT. 6) GOTO 250 
WRITE(6,100) MNAME 
100 F0RMAT(///10X,'MATRIX ',A6,' ='/) 
DO 200 1=1,N 
WRITE(6,150) ( A(I,J), J=1,M) 
150 FQRMAT(6(6X,1PD12,5)) 
200 CONTINUE 
RETURN 
250 IF (M .GT. 12) GOTO 500 
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WRITE(6,100) MNAME 
DO 400 1=1,M 
WRITE(6,300) ( ACI.J), J=1,M ) 
300 FORMAT(12(1X,1PD10.3)) 
400 CONTINUE 
RETURN 
500 WRITE(6,550) MNAME, M 
550 FORMATClOX,'##### COLUMN DIMENSION OF MATRIX',A6, 
1 '=',13,'. THIS EXCEEDS LIMIT OF 12.') 
RETURN 
END 
C 
c******************************************************************* 
c 
SUBROUTINE RICCAT (A,D,R1,N,N2,AT,ITER,H) 
C 
C — THIS SUBROUTINE SOLVES THE ALGEBRAIC RICCATI EQN: 
C 
C (A**T)*P + P*A - P*D*P + R1 = 0 
C 
C — FOR 'P' WHERE 'A', 'D', 'Rl', AND 'P' ARE ALL (N X N). THE 
C — SOLUTION IS RETURNED IN ARRAY 'AT'. ARRAYS 'A', 'D', 'Rl', 
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AND 'H' ARE OVERWRITTEN. 
'H' MUST BE NUMERICALLY DIMENSIONED (2N X 2N) IN.THE 
CALLING PROGRAM FOR PROPER ARRAY HANDLING AND MATRIX 
OPERATIONS. 
THE SOLUTION ALGORITHM USES THE MATRIX SIGN FUNCTION 
WHICH IS DISCUSSED IN: 
"THE MATRIX SIGN FUNCTION AND COMPUTATIONS IN SYSTEMS, 
E.D. DENMAN, A.N. BEAVERS, JR., 
APPLIED MATHEMATICS AND COMPUTATION, 2, 63-94, 1976. 
THIS SUBROUTINE USES MATRIX OPERATIONS LOCATED IN DMATLIB, 
AND DMATRW. 
IMPLICIT REAL*8(A-H,0-Z) 
DIMENSION H(N2,N2), A(N,N), R1(N,N), D(N,N), AT(N,N) 
DEFINE 'A' TRANSPOSE, AT 
CALL TRNSPZ(A,AT,N,N) 
BUILD UP 'H' MATRIX (2N X 2N) 
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DO 20 1=1,M 
DO 10 J=1,H 
H(I,J) = AT(I,J) 
H(N+I,J) = D(I,J) 
H(I,N+J) = R1(I,J) 
H(N+I,N+J) = -A(I,J) 
10 CONTINUE 
20 CONTINUE 
— COMPUTE SIGN FUNCTION OF 'H' MATRIX 
CALL SIGNFN(H,2*M,ITER) 
— LOAD MATRIX 'AT' WITH 1-1 BLOCK OF SIGN FUNCTION, S(1-1) 
— LOAD MATRIX 'D' WITH 2-1 BLOCK OF SIGN FUNCTION, S(2-1) 
DO 40 1=1,N 
DO 30 J=1,N 
AT(I,J) = H(I,J) 
D(I,J) = H(N+I,J) 
30 CONTINUE 
40 CONTINUE 
— COMPUTE INVERSE OF S(2-l) = F(2-l) AND STORE IN 'Rl' MATRIX 
IDGT = 0 
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CALL LINVIF (D,N,N,R1,IDGT,H,IER) 
WRITE(6,50) 1ER 
SO FORMATClOX,'MATRIX INVERSE ERROR PARAMETER'/13X, 
1 'FOR F(2-l) INVERSION =',I3) 
C 
C — MAKE 'D' AN IDENTITY MATRIX 
CALL MATKD.N) 
C 
C — COMPUTE F(l-l) = S(l-l) + I AND STORE IN 'A' MATRIX 
CALL MATADD(AT,D,A,N,N) 
C 
C — COMPUTE P = F(l-l) * F(2-l)**(-l) AND STORE IN 'AT' MATRIX 
CALL MATMUL(A.R1,AT,N,N,N) 
C 
RETURN 
END 
C 
C 
C 
c **************************************************************** 
c 
SUBROUTINE SIGNFN (H,N2,ITER) 
C 
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C **************************************************************** 
G 
C — THIS SUBROUTINE COMPUTES THE SIGN FUNCTION OF MATRIX 'H' BY 
C — ITERATION WHERE 'H' IS OF DIMENSION (N2 X N2). THE INITIAL 
C — VALUE FOR THE SIGN FUNCTION IS 'H'. THE NUMBER OF ITERATIONS 
C — IS 'ITER'. THE SIGN FUNCTION OF 'H' IS RETURNED IN 'H'. 
C 
C — IN THIS SUBROUTINE, N2 = 2*N WHERE 'N' IS THE SYSTEM ORDER. 
C — N2 CANNOT EXCEED 30, THEREFORE THE MAXIMUM SYSTEM ORDER IS 15. 
C 
C 
IMPLICIT REAL*8(A-H,0-Z) 
REAL*8 HINV(12,12),TEMP(12,12),WKAREA(12) 
DIMENSION H(N2,N2) 
ERRPAR = l.OD-10 
RN2 = DFL0AT(N2) 
IDGT = 0 
ITER = 0 
C 
10 ITER = ITER + 1 
C — 'LINVIF' OVERWRITES MATRIX TO BE INVERTED. 
CALL MATEQ(H,TEMP,N2,N2) 
CALL LINVIF (TEMP,N2,N2,HINV,IDGT,WKAREA,1ER) 
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C WRITE(6,15) 1ER 
C15 F0RMAT(/10X,'SIGN MATRIX INVERSE ERROR PARAMETER =',I3) 
CALL MATADD(H,HINV,TEMP,N2,N2) 
CALL SCAMAT(0.5D0,TEMP,H,N2,N2) 
C 
C — CHECK FOR CONVERGENCE OF SIGN(H), IE., 
C —- TR( SIGN(H)**2 ) .LE. ERRPAR 
C 
CALL MATEQ(H,HINV,N2,N2) 
CALL MATMUL(H,HINV,TEMP,N2,N2,N2) 
TRACE = TR(TEMP,N2) 
ERR = DABS(TRACE - RN2) 
C WRITE(6,22) ITER, ERR 
C22 FORMAT(15X,'SIGN ITER =',I2,' ERROR =',1PD10.3/) 
IF (ITER .LE.100) GOTO 30 
WRITE(6,25) 
25 FORMAT(15X,'EXCEEDED 25 ITERATIONS.') 
STOP 
30 IF (ERR .GE. ERRPAR) GOTO 10 
WRITE(6,35) ERR 
35 F0RMAT(//10X,'MATRIX SIGN FUNCTION ERROR =',1PD12.5) 
RETURN 
END 
